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Abstract
An optimization technique for dynamic balancing of planar mechanisms is presented in this paper. The shaking forces and 
shaking moments developed due to inertia forces in mechanisms are minimized using the genetic algorithm (GA). The inertial 
properties of rigid links of mechanism are represented by dynamically equivalent systems of point-masses. The shaking force and 
shaking moment are then evaluated in terms of the point-mass parameters and presented as the objective function for the 
proposed optimization problem. Using the point-mass parameters as design variables, the solution of this optimization problem 
optimizes the mass distribution of each link. The results obtained by using genetic algorithm are found better than the 
conventional optimization algorithm results. The masses and inertias of the optimized links are computed from the optimized 
design variables. The effectiveness of the proposed methodology is shown by applying it to a problem of slider-crank planar 
mechanism available in the literature.
© 2014 The Authors. Published by Elsevier Ltd.
Selection and/or peer-review under responsibility of the Organizing Committee of ICIAME 2014.
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1. Introduction
If an unbalanced mechanism runs at high speed, it transmits forces and moments to the frame known as shaking 
forces and shaking moments. These forces and moments are the vector sum of the inertia forces and moments of all 
the moving links of the mechanism. The shaking forces and the shaking moments need to be eliminated to improve 
the dynamic performance of the mechanism. Several methods are presented in the literature for reducing these 
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shaking forces and shaking moments due to inertia. The complete force balancing can be achieved by making the 
mass center of moving links of a mechanism stationary [1]. Either by redistributing the mass or by adding the 
counterweights to the moving links, the mass center is made stationary. This method was further extended for the 
mechanisms having prismatic joints under certain conditions [2, 3]. The complete force balancing alone increases 
other dynamic performance characteristics such as shaking moment, driving torque and bearing forces in joints [4]. 
Therefore, to balance the shaking moment along with the full force balancing, several methods are proposed in the 
literature [5-7]. The addition of duplicate mechanism, inertia or disk counterweights also eliminates the shaking 
force and shaking moment [8-11]. However, it is generally not recommended due to complexity and practical 
reasons. 
This leads that the complete balancing is not possible using internal mass redistribution without adding extra 
links. Consequently, the optimization methods are developed to minimize the shaking force and the shaking 
moment. Several trade-off methods were developed to minimize different dynamic quantities simultaneously [12, 
13]. As the shaking force and shaking moment depend on link masses, their locations of CGs and moment of 
inertias, these trade-off methods find the optimal distribution of the link masses [14]. The evolutionary optimization 
techniques like particle swarm optimization (PSO) and genetic algorithm (GA) can be applied to find the global 
optimum solution for an optimization problem [17, 18]. 
Most of the optimization methods use the conventional optimization algorithms that require an initial guess point 
to start searching the optimum solution and likely to produce local optimum solution close to the start point. In this 
paper, the formulation of optimization problem is simplified by modelling the rigid links of mechanism as 
dynamically equivalent system of point-masses, known as equimomental system [15, 16]. This optimization problem 
is solved by using genetic algorithm which doesn’t require a start point and searches the solution in the entire design 
space. Therefore, it produces the global optimum solution for the problem. 
The proposed method can be effectively used to balance the mechanisms having revolute and prismatic joints 
while most of the methods available in the literature are for the mechanisms with revolute joints only. A slider-crank 
mechanism is balanced in this paper by optimally distributing the link masses while a cam mechanism with 
counterweight was used to balance the same mechanism in [8]. Therefore, it is advantageous to use the method 
proposed in this paper as compared to the method presented in [8] which increases the overall mass and complexity 
of the mechanism.      
The structure of this paper is as follows. Section 2  presents the equations of motion for rigid body and the same 
in equimomental point-masses. The problem of minimizing shaking force and shaking moment simultaneously
for a slider-crank mechanism is formulated in Section 3. A numerical example is solved using the proposed
method and results are presented in Section 4. Finally, conclusions are given in Section 5.
2. Equimomental system of point-masses
In this section, the concept of equimomental system of point-masses is discussed and the dynamic equation of 
motion for a rigid body is rewritten in terms of the point-masses. 
2.1. Equations of motion of rigid body
The links of a mechanism can be modeled as rigid bodies for simplifying the kinematic and dynamic analyses. 
Consider an ith rigid link having motion in XY plane for which a local frame, Xi Yi, is fixed at Oi (Fig. 1). The 
Newton-Euler (NE) equations of motion for the ith rigid link in the fixed inertial frame, OXY, are written as [12]:
iiiii wtCtM   (1)
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In Eq. (1), 3-vectors, it , it and iw are twist, twist-rate, and wrench vectors of the ith link with respect to Oi, 
respectively, i.e.,
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where, iȦ and iv are the scalar angular velocity about the axis perpendicular to the plane of motion and the 2-
vector of linear velocity of the origin Oi, respectively. Accordingly, iȦ and iv are time derivatives of iȦ and iv , 
respectively. Also, the scalar, in , and the 2-vector, if , are the resultant moment about Oi and the resultant force at 
Oi, respectively. In Eq. (1), the 3u3 matrices, Mi and Ci are defined as:
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To define the link length, Oi to Oi+1 are fixed at the joints connecting preceding and succeeding links. The body 
fixed frame, Oi Xi Yi, is then defined in such a way that the axis Xi is aligned from Oi to Oi+1. The location of the mass 
center, Ci, can be defined by the polar coordinates, di and Ti. 
2.2. Modified equations of motion for equimomental system of point-masses
To formulate an optimization problem to minimize shaking force and shaking moment, the rigid links are 
modeled as dynamically equivalent systems of point-masses referred to equimomental systems (Fig. 2). The rigid 
link and the system of point-masses will be dynamically equivalent (equimomental) if they have same mass, same 
center of mass and same inertia tensor with respect to same coordinate frame [15]. Hence, a set of dynamically 
equivalent system of rigidly connected n point-masses, mij, located at lij, Tij, must satisfy the following conditions: 
i
j
ij mm  ¦ (4)
                             
                                                       Fig.1. ith rigid link                                          Fig.2. Equimomental system of point-mass
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where mi and Ii are the mass of the ith link and its mass moment of inertia about Oi. The first subscript i denotes 
the link number, and the second subscript j represents the point-mass. The NE equations of motion, Eq. (1), are now 
rewritten for the equimomental system of point-masses in the same local and global reference frames. It can be 
shown that their form, Eq. (1), does not change except the elements of matrices, Mi and Ci, which are given as:
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In Eq. (8), C and S are abbreviations for cosine and sine functions, respectively. There are 3k parameters, mij, șij, 
lij for j=1, 2,…,k if k point-masses are defined for the ith link. For a mechanism of n moving links, there will be total 
3kn point-mass parameters. All or some of these can be taken as the design variables in optimization formulation 
discussed in the next section.
3. Formulation of optimization problem
The problem for minimizing the shaking force and shaking moment in a planar slider-crank mechanism is now 
formulated on the basis of the dynamics presented in the previous section. The slider-crank mechanism under 
consideration is shown in Fig. 3. The links are numbered as #0, #1, #2 and #3, where link #0 represents the frame. 
The joints are numbered as 1, 2, 3 and 4 while a0, a1 and a2 represent the link lengths. The fixed inertial frame, OXY, 
is located at joint 1, between link #1 and the frame #0.   
Fig. 3. Planar slider-crank mechanism
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3.1. Identification of design variables
A system of k equimomental point-masses is used for each link and the corresponding point-mass parameters are 
taken as the design variables. Therefore, the 3k-vector of design variables for the ith link includes point-mass and 
their locations and is defined as:
> @Tkkk222111 ..... iiiiiiiiii șlmșlmșlm DV (9)
Hence, the design variable 3kn-vector, DV, for mechanism having n moving links can be defined as:
> @TTnT2T1 ..... DVDVDVDV  (10)
3.2. Objective function and constraints
For a mechanism in motion, shaking force is the vector sum of the inertia forces, whereas the shaking moment 
about any point is the sum of the inertia couples and the moment of the inertia forces about that point [14]. In the 
current problem, the external forces like gravity and dissipative forces are not considered. Once all the joint 
reactions are determined, the shaking force and shaking moment at and about joint 1 are obtained as: 
)( 0301sh fff  and ) x ( 03003
e
1sh fa nnn (11)
In Eq. (11), f01 and f03 are the reaction forces of the frame on the links #1 and #3, respectively. The driving torque 
applied at joint #1 is represented by e1n while n03 represents the reaction of the inertia couple about joint #3. a0
represents the vector from O1 to O4. Considering the RMS values of the shaking force, fsh,rms, and the shaking 
moment, nsh,rms, the optimization problem is proposed as:
rmssh,2rmssh,1 nfZMinimize ww  (12)
maxi,mini,toSubject mmm
j
ij dd¦ ; k,2,…1,=and32,1,=for2mini, j   i       lmI ij
j
ij¦d (13)
where w1 and w2 are the weighting factors used to  assign weightage to the different objectives included in a 
single objective function. The values of these factors vary between 0 and 1 depending upon the application. For 
complete shaking force balance and complete shaking moment balance, values are taken as (w1=1, w2=0) and (w1=0,
w2=1), respectively. To balance force and moment simultaneously, values are taken as (w1=0.5, w2=0.5) for giving 
equal weightage to both the objectives. The minimum mass and inertia, mi,min and Ii,min, of ith link can be defined 
according to its force bearing capabilities and material properties.  
4. Solutions and results
After formulating the balancing problem as an optimization problem, it can be solved by using either 
conventional or evolutionary optimization algorithms. The gradient-based conventional algorithms use the gradient 
information of the objective function with respect to the design variables. Starting with an initial guess point, these 
methods converge on the optimum solution near to the starting point and thus produce local optimum solution. 
Genetic algorithm is evolutionary search and optimization algorithm based on the mechanics of natural genetics and 
natural selection [19]. This algorithm evaluates only the objective function and genetic operators - selection, 
crossover and mutation are used for exploring the design space. After selection operation, crossover and mutation 
operators are used to form the new population [20].  
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The proposed method is applied to solve the balancing problem of a slider-crank mechanism available in the 
literature [8] for which the parameters are given in Table 1. As the shaking force and the shaking moment are of 
different units, these quantities are made dimensionless with respect to the parameters of the first link for adding 
them in a single objective function. For this example, the input link, i.e. link #1, rotates with a constant speed of ʌ
rad/sec. Each link is represented by three equimomental point-masses to reduce the dimension of the problem. Out 
of nine variables, mij, lij, șij, for j=1, 2, 3, for the ith link, five parameters are assigned as: și1 și2 ʌși3 ʌ
and li2=li3=li1. The other four parameters, namely, mi1, mi2, mi3, and li1 are brought into the optimization scheme as 
the design variables. A MATLAB program was developed using the equimomental conditions, Eqs. (4)-(7), for 
finding the dynamically equivalent point-masses for each link.    
     Table 1. Parameters of standard mechanism.
Link i
Length ai
(m)
Mass mi
(kg)
Moment of inertia Iczzi
(kg-m2)
CG distance di
(m)
CG angle și
(deg)
1 0.292 2 0.03 0.146 0
2 0.427 3 0.14 0.214 0
3 - 4 - 0 0
Considering mi,min= 0im , mi,max= 02 im and Ii,min= 00.25 iI for the ith link, the optimization problem as explained in 
Eqs. (12)-(13) is first solved using “fmincon” function in Optimization Toolbox of MATLAB [21]. The results 
corresponding to the different combinations of the weighting factors are presented in Table 2 and shown in Fig. 4. 
The case 1 is complete shaking force balancing in which the rms value of shaking moment increases to four times of 
that the unbalanced mechanism. Similarly, in case 3, shaking force increases while shaking moment reduces 
substantially. Reduction in both the quantities can occur in case 2, in which equal weighting factors are assigned to 
them.
Table 2. RMS values of dynamic quantities for different combinations of weighting factors
Shaking force Shaking moment
Standard value 3.6877 1.0047
Case 1: (w1=1.0;w2=0.0) 2.2247x10-4 4.1714
Case 2: (w1=0.5;w2=0.5) 2.9132 0.1883
Case 3: (w1=0.0;w2=1.0) 3.8605 7.7980 x10-5
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Fig. 4. Comparison of different cases for shaking force and shaking moment
The same problem is then solved by using “ga” function in Genetic Algorithm and Direct Search Toolbox of 
MATLAB with equal weighting factors for both the quantities. The comparison of the original rms values with the 
optimum rms values of the shaking force and shaking moment obtained using conventional and genetic algorithm 
are presented in Table 3 and Fig. 5. The optimized link parameters are found by using the equimomental conditions 
presented in Eqs. (4)-(7) and shown in Table 4.
     Table 3. RMS values of dynamic quantities of normalized standard and optimized mechanisms.
Balancing method Shaking force Shaking moment
Standard mechanism 3.6877 1.0047
fmincon 2.9132 (-21) 0.1883(-81)
Genetic algorithm 2.0051(-46) 0.0105 (-99)
     The values in the parenthesis denote the percentage increment/decrement with respect to the corresponding RMS values of the standard mechanism.
Table 4. Parameters of balanced mechanism.
Link i
Mass mi
(kg)
Moment of inertia Iczzi
(kg-m2)
CG distance di
(m)
CG angle și
(deg)
1 3.0453    0.4298    0.4722    171.94   
2 3.0030    0.0720    0.0538    357.65  
3 4.0022 - 0.1095 269.12
By using the conventional optimization method, the reduction of 21% and 81% was found in the rms values of 
shaking force and shaking moment, respectively. The application of the genetic algorithm results in reduction of 
46% and 99% in the values of shaking force and shaking moment, respectively. It is observed that if the mass of 
slider is not at CG, shaking moment reduces in the mechanism. The moment of inertia of slider about CG doesn’t 
affect the values of shaking force and shaking moment and hence not given for original and balanced mechanisms. 
Moreover, the shaking force rises up to 7 in the original unbalanced mechanism. In the balanced mechanism, it goes 
up to 5 as shown in Fig. 5(a). However, the peak value of normalised shaking moment reduces from 1.8 to 0.25 as 
shown in Fig. 5(b).    
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Fig. 5. Variations in shaking force and shaking moment for complete cycle
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5. Conclusions
For the dynamic balancing of planar mechanisms, an optimization method is developed using the concept of
the equimomental system of point-masses. The dynamic equations of motion are formulated in the parameters 
related to the equimomental point-masses. Using these equations, the optimization problem is formulated for the
minimization of the shaking force and shaking moment in a planar slider-crank mechanism. The genetic algorithm 
produced better results as compared to the conventional optimization algorithm. Using the equal weighting factors to 
both the shaking force and the shaking moment, about 46% and 99% reductions are achieved in shaking force and 
shaking moment, respectively. The method proposed in this paper is general and can be applied for complex planar 
mechanisms. 
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